Methods and results from the representation theory of quivers and finite dimensional algebras have led to many interactions with other areas of mathematics. Such areas include the theory of Lie algebras and quantum groups, commutative algebra, algebraic geometry and topology, and in particular the theory of cluster algebras. The aim of this workshop was to further develop such interactions and to stimulate progress in the representation theory of algebras.
Introduction by the Organisers
The representation theory of quivers is probably one of the most fruitful parts of modern representation theory because of its various links to other mathematical subjects. This has been the reason for devoting a substantial part of this Oberwolfach meeting to problems that can be formulated and solved involving quivers and their representations. The interaction with neighbouring mathematical subjects like geometry, topology, and combinatorics is one of the traditions of such Oberwolfach meetings; it continues to be a source of inspiration. There were 26 lectures given at the meeting, and what follows is a quick survey of their main themes.
Representation varieties and moduli. The representation theory of quivers is a natural setting in which to formulate many problems in linear algebra, and by extension also in geometry. For example configurations of m subspaces in a vector space correspond to representations of a quiver with a central vertex having arrows from m other vertices (and representations of the quiver in which these arrows are injective). In case the dimension vector is d at the central vertex and 1 at the other vertices, a representation is given by m points in projective space of dimension d − 1. In addition to trying to classify indecomposable representations, one can study moduli spaces of representations, and also problems of enumerative geometry. In his talk, Reineke considered the number of irreducible degree d curves in the complex projective plane passing through 2d − 1 points in general position and tangent to order d at a given point on a given line and also the Euler characteristic of the moduli space of 2d − 1 points in projective space of dimension d−1. Reineke explained that there is no direct connection between these numbers, but that they can be computed by the same recursive formula, so they are equal.
The link to geometry was also pursued by Hille, who used inverse limits of moduli spaces of representations of quivers to construct various moduli spaces of pointed curves of genus zero. One can also consider moduli spaces of representations of algebras, or equivalently of quivers with relations, and Kinser described a general decomposition theorem for such moduli spaces and used it to show that any irreducible component of a moduli space for a special biserial algebra is isomorphic to a product of projective spaces. Sauter, motivated by geometric considerations, such as desingularizations of quiver Grassmannians and orbit closures in representation varieties, described a homological construction for algebras of positive dominant dimension.
In his fundamental work on representations of quivers, Kac used the Weil conjectures to prove that the number of absolutely indecomposable representations of a quiver over a finite field is polynomial in the number of elements of the field. In important recent work, Schiffmann has adapted this to quasi-parabolic vector bundles on curves, where the polynomial now also depends on the Weil number of the curve. In particular it holds for weighted projective lines in the sense of Geigle and Lenzing. Plamondon spoke about his joint work with Schiffmann, applying this to show the existence of polynomials for representations of canonical algebras.
Links to differential equations. One of the features of this meeting was a small attempt to strengthen the links between the representation theory of algebras and quivers and the area of integrable systems and related differential equations. In this regard, Boalch and Hiroe both spoke on different aspects of the use of quivers and graphs in the study of moduli spaces of meromorphic connections on Riemann surfaces, especially in the case of irregular' connections.
Two other talks were also related to this link. Burban spoke about Cohen-Macaulay modules for a certain algebra of dihedral quasi-invariants associated to a rational Calogero-Moser operator, and Stroppel spoke about a version of Schur-Weyl duality between, on the one hand, algebras arising from the Yang-Baxter equation, and on the other hand, equivariant cohomology algebras of Grassmannians.
Algebras related to Lie theory. There is a strong connection relating representations of quivers to the representation theory of Kac-Moody algebras. This includes the realization of the enveloping algebra of the positive part of a symmetric Kac-Moody algebra and the construction of a semicanonical basis due to Lusztig. Schröer reported on an ongoing project to extend this from the case of symmetric Kac-Moody algebras to the symmetrizable case, involving the representations of quivers with relations for generalized Cartan matrices. Another connection arises from Ringel-Hall algebras and their relation to quantum groups. In his talk Xiao explained a categorification of Green's formula for the comultiplication of the Ringel-Hall algebra, by relating this to the comultiplication via Lusztig's restriction functors.
Quasihereditary algebras form another class of algebras arising from Lie theory via the study of highest weight categories. A talk of Conde focused on strongly quasihereditary algebras and the Ringel duality for these algebras.
Algebras given by surfaces. The talk of Erdmann extended the classical connection between blocks of group algebras that are of finite type and Brauer tree algebras. This involves the new concept of a weighted surface algebra and covers then algebras of generalized quaternion and dihedral type. Algebras of similar flavour came up in King's talk, again with origin in the theory of cluster algebras. The talk explained a formula of Marsh and Scott for twisted minors as an instance of the Caldero-Chapoton formula for cluster characters.
Algebraic groups and group schemes. A stratification result for modular representations of finite groups schemes was discussed in Pevtsova's talk. It is an analogue of Quillen's stratification for the cohomology of a finite group, and it amounts to a classification of localising and colocalising subcategories of the stable module category via the cohomology of the group scheme.
The commutative algebraic groups form an abelian category which becomes a length category after inverting the isogenies. In his talk Brion explained the structure of this quotient category, pointing out in particular the connection with representations of finite dimensional hereditary algebras.
Higher Auslander-Reiten theory. Auslander's bijection between representation-finite algebras and Auslander algebras is classical. Its higher dimensional analogue is a bijection between d-cluster tilting modules and d-Auslander algebras, a non-commutative analog of regular local rings in Krull dimension d + 1.
The translation quivers ZA ∞ and ZA ∞ /τ n are typical structures in Auslander-Reiten quivers. As their higher dimensional analogues, Külshammer and Jasso introduced higher Nakayama algebras A ∞ gives an md-Calabi-Yau triangulated category, which admits a weakly d-cluster tilting subcategory and an md-spherical object.
For a finite dimensional algebra A, there exists a bijection between functorially finite thick (wide) subcategories of modA and ring epimorphisms A → B such that B is finite dimensional and Tor A  1 (B, B) = 0. Herschend introduced the notion of thick subcategories of a d-cluster tilting subcategory M of modA, and explained a bijection between functorially finite thick subcategories of M and d-rigid ring epimorphisms from A.
Cohen-Macaulay modules. Graded Cohen-Macaulay modules over a (not necessarily commutative) graded Gorenstein ring R form a Frobenius category, whose stable category is triangle equivalent to the singularity category of Buchweitz and Orlov. A powerful approach to study Cohen-Macaulay modules is to find a tilting object T in the stable category of R since it gives a triangle equivalence with the derived category of the endomorphism algebra of T . There are many known examples of graded Gorenstein rings whose stable categories have tilting objects, e.g. trivial extension algebras, selfinjective algebras, simple singularities, etc.
In Minamoto's talk, it is shown that the stable category of a finite dimensional graded Gorenstein algebra R can be realized in the derived category of graded Rmodules in an explicit way. This improves a result by Orlov. In Buchweitz's talk, it is shown that the stable category of a commutative reduced graded Gorenstein ring R in Krull dimension one always has a tilting object T . An explicit description of the endomorphism algebra of T is given for some important examples.
Tilting theory and stability. Tilting theory is fundamental to study derived and triangulated categories since it enables us to control their equivalences.
Tilted algebras are classical in representation theory, and they are characterized by the existence of slices in their module categories. Cluster-tilted algebras were introduced in cluster tilting theory in this century. In Schiffler's talk, he introduced local slices of cluster-tilted algebras, and explained their role in the study of clustertilted algebras.
Silting objects are an important generalization of tilting objects. For a finite dimensional algebra, silting objects correspond bijectively with algebraic t-structures (König-Yang). Angeleri Hügel spoke about a bijection between pure injective cosilting objects in a compactly generated triangulated category T and smashing non-degenerate t-structures in T whose hearts are Grothendieck categories.
For a finite dimensional algebra A, two-term silting objects form a distinguished class from the point of view of mutations. They correspond bijectively with support τ -tilting A-modules. Taking g-vectors, they give rise to a simplicial fan in the Grothendieck group K 0 (projA). This gives a connection with geometric invariant theory for A-modules. In independent talks by Brüstle and Thomas, they described the wide subcategory of θ-semistable modules in terms of τ -tilting theory for a given stability θ in K 0 (projA) ⊗ Z R.
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